We discuss the dynamic nature of the critical end point (CEP) which is the end point of the first order chiral phase transition. In the earlier work, Son and Stephanov analyzed the Langevin equation for CEP taking care of the mixing effect between the chiral condensate and the baryon number density and showed that the dynamic universality class of CEP is the model H, the same as that of the end point of the liquid-gas transition. We point out a difficulty in their treatment that the theory does not correctly reduce to CEP in the limiting situation where the mixing effect disappears. We give a reanalysis of the Langevin equation to conclude that CEP belongs to the model C apart from the energy and momentum densities, which is the same conclusion as given by Berdnikov and Rajagopal. We also propose a new signal for CEP in the heavy-ion collision experiments.
Introduction
The QCD phase diagram in the plane of the temperature (T ) and baryon chemical potential (µ B ) is believed to be featured by various phases and phase transitions among them [1, 2] . It is expected that there are several second order phase transitions including the chiral transition. The understanding of not only the static (i.e., equilibrium) but also the dynamic (nonequilibrium) properties of the critical points is an important issue in its own right. Various works on the dynamic critical phenomena have been devoted to the chiral transition [3, 2, 4, 5, 6, 7, 8, 9, 10] , the critical end point (CEP) [11, 12, 13, 14, 15, 16] , and the transitions associated with the color superconductivity [17] .
Among the above critical points, special attentions have been paid to CEP, which is the end point of the first order chiral transition and is expected to exist in the QCD phase diagram [18] . This is partly because CEP is an exact critical point even in the real world with the explicit chiral symmetry breaking due to the small current quark masses and may be accessible in the heavy-ion collision experiments [11] . It may be promising to measure the anomalous observables caused by the critical fluctuations of CEP, provided that the finite size and time effects are negligible. If CEP is detected, it can become a landmark for the search of the quark-gluon plasma which is one of the main purposes of the heavy-ion collision program. Since the heavy ion collisions produce dynamic or time-dependent systems, it is particularly required to have a firm theoretical understanding of the dynamic nature of CEP.
The static universality class of CEP is not difficult to specify and would be undoubtedly the same as that of the Z 2 Ising model. We are allowed to estimate the static critical properties of CEP. The identification of the dynamic universality class, on the other hand, is not so trivial. Actually there were several works on the dynamic nature of CEP [11, 12, 13, 14, 15, 16] , which involved a controversy about the dynamic universality class of CEP. The purpose of this paper is to revisit those works and give a reconsideration to the problem.
The general way how to determine a dynamic universality class was established by Hohenberg and Halperin [19, 9] . The dynamic universality class is determined by the nature of the order parameter and conserved quantities, namely the slow (or gross) variables, in addition to by the symmetry and spatial dimensions of the system. The classification is made by (i) whether or not the order parameter is conserved, (ii) the conserved quantities in the system, (iii) the Poisson bracket relations among the slow variables.
We could apply this scheme to CEP. A natural consideration may be that the order parameter for CEP is the chiral condensate being a non-conserved quantity. We also find a conserved quantity of the baryon number density associated with the exact U B (1) symmetry of QCD. Thus we can expect that the sigma meson mode is softened at CEP, and the classification method tells us that CEP belongs to the dynamic universality class named model C in Hohenberg and Halperin's classification. This is the argument given by Berdnikov and Rajagopal [12] . However the argument was challenged in Ref. [14] where the sigma meson mode is shown not to be softened at CEP within the effective chiral models such as the Nambu-Jona-Lasinio model. It was argued that this non-critical behavior of the sigma meson mode is attributed to the mixing effect between the chiral condensate and the baryon number density. In Ref. [15] , Son and Stephanov made a more general analysis based on the Langevin equation for the slow variables that takes account of the mixing effect between them. The result is consistent with Ref. [14] that the sigma mode does not show the critical slowing down and only one hydrodynamic mode appears as a slow mode. This means that the dynamic universality class of CEP is not the model C but the model B within those slow variables being considered. Furthermore it was noted [15] that the energy and momentum densities should be included as conserved quantities and all the slow variables constitute the dynamic universality class of the model H, which is the same as that of the end point of the liquid-gas transition.
The above arguments seem to be quite plausible and might have established the dynamic universality class of CEP. However there exists a crucial difficulty in Son and Stephanov's approach so that the re-identification of the dynamic universality class is requested. The difficulty lies in the mismatching behavior in the limit of the vanishing mixing effect. In this paper, we discuss the difficulty in detail and present an alternative proper treatment. We conclude that CEP belongs to the model C, apart from the energy and momentum densities, which is eventually the same as derived in Ref. [12] .
The organization of this paper is as follows. In the next section, we review the analysis of the Langevin equation given by Son and Stephanov in Ref. [15] . In Sec. 3, we point out the difficulty in their treatment. In Sec. 4, we give the proper treatment and discuss the difference from that of Son and Stephanov. Sec. 5 is devoted to proposing a new signal of CEP in the heavy-ion collision experiments. Summary and discussion are given in Sec. 6.
Review of Son and Stephanov's analysis of the Langevin equation
Our discussion on the critical dynamics at CEP in this paper is based on the Langevin equation. Firstly, we review Son and Stephanov's treatment of the Langevin equation [15] .
In general, for description of critical dynamics, it is necessary and sufficient to take the slow variables as the degrees of freedom. The slow variables are usually given by the order parameter and the conserved quantities in the system. The "potential" slow variables for CEP are; the chiral condensate: σ ≡qq −, the baryon number density: n ≡qγ 0 q − qγ 0 q , and the energy and momentum densities: E ≡ T 00 − T 00 and P i ≡ T 0i . For the moment, let us forget about the energy and momentum densities to find that only one mode out of the chiral condensate and the baryon number density shows up as the true slow mode.
The Ginzburg-Landau functional for the chiral condensate and the baryon number density, which governs the statics near CEP, is given by
where
Since we restrict ourselves to the mean-field level, we will neglect the higher order terms in the following. The important ingredient is the existence of the terms with the coefficients b and B, incorporating the mixing between σ and n. The mixing effect is present as long as the baryon chemical potential at CEP and the quark masses are nonzero. CEP is now given by the condition of AC = B 2 , and the zero curvature of the potential at CEP is not in the σ direction but in the inclined direction in the (σ, n) plane; flat direction:
In Ref. [14] , it was argued that this deviation of the flat direction from the σ axis plays an essential role in the critical dynamics of CEP.
The Langevin equation for the fluctuations of σ and n with the wavenumber q isσ
where X σ and X n conjugate to σ and n are defined by
The noise terms obey the relation
In the hydrodynamic regime with small q, we can expand γ ij (q) in powers of q 2 ;
The γ σσ starts at the q 0 order since σ is not a conserved quantity, while γ nσ and γ nn begins with q 2 because of the conservation of the baryon number density. Onsager's relation tells us that
The Langevin equation to the leading order of q 2 is found to bė
By diagonalizing the equation, we can obtain the eigenmodes. The eigenfrequencies are given by the solutions of
We find two eigenmodes;
Because CEP is realized by AC = B 2 , the ω 1 -mode involving the fluctuations of both σ and n shows the critical slowing down and can be identified with the slow mode for the order parameter fluctuation, while the ω 2 -mode for the σ fluctuation does not exhibit the critical behavior or is not softened. This feature qualitatively agrees with the result of the calculation within the random phase approximation (RPA) in the effective theories [14] . Thus the ω 1 -mode is the only true slow mode at CEP. Because the eigenfrequency ω 1 involves a q 2 factor, the ω 1 -mode for the order parameter fluctuation is characterized by a hydrodynamic (or conserved) nature. The dynamic universality class is thus identified with the model B in Hohenberg and Halperin's classification when only σ and n are taken care of. This is contrary to the argument in Ref. [12] leading to the model C. If we include the energy and momentum densities, the dynamic universality class of CEP finally becomes the model H, which is the same as the end point of the liquid-gas transition. The dynamic critical exponent for CEP is predicted to be z ≈ 3, and the shear and bulk viscosities are expected to be divergent at the critical point.
Criticism on Son and Stephanov's treatment
Here we point out the difficulty in Son and Stephanov's treatment. Let us consider the limiting case of the vanishing mixing effect, which is incorporated by B, b → 0. The situation is actually the case if CEP is located at the zero baryon chemical potential, or on the temperature axis in the (T, µ B ) plane of the phase diagram. This is possible if we could vary the strange current quark mass m s [4, 11, 12] . Suppose that we fix the up and down quark masses at finite but sufficiently small values. In the limit of m s = ∞ where only the two flavor quarks are active, the chiral transition along the temperature axis is crossover [20, 21, 22, 23] . If we take m s = 0, then the transition can be of first order. Then there should be a critical strange quark mass m s c for which CEP is put on the temperature axis. See Fig. 1 . It is not precisely known whether the physical mass m s phys is larger or smaller than m s c .
In the vanishing mixing limit, the flat direction is in the pure σ axis, and the σ mode should show the critical slowing down. Let us return to the two eigenmodes found in Son and Stephanov's treatment, Eqs. (2.15, 2.16). If we take the limit of B → 0, the slow mode showing the critical slowing down, i.e., the ω 1 -mode, should reduce to the pure σ mode. However we can easily see that the mode to which the ω 1 -mode reduces is not the σ mode but the n mode. The critical point that Son and Stephanov's Langevin equation describes in the zero mixing limit is not CEP but the end point of the liquid-gas transition. Something is wrong.
Proper treatment
We now present the proper treatment for CEP. The question to be addressed here is; what is the order parameter for CEP? The question has been answered in Ref. [14] : The order parameter for CEP is a linear combination of σ and n, not σ itself. Let us find the true (or "proper") order parameter by diagonalizing the potential
For definiteness, let us assume A, C > 0 to stabilize the potential at the mean-field level. Then we can see that A < C is necessary in order for the flat direction to coincide the σ axis in the limit of B → 0. If we take A > C, the flat direction is in the n axis in the limit, corresponding to the end point of the liquid-gas transition. Since we are interested in the vicinity of CEP, we assume A < C in the following.
The potential can be easily diagonalized;
where 4) with
The critical point is given by λ − = 0, which is equivalent to AC = B 2 . This condition for CEP is the same as given in Son and Stephanov's argument. However, even if we impose A > C for which the theory reduces to the liquidgas transition in the zero mixing limit, the condition for the critical point is given by AC = B 2 . Thus the condition of AC = B 2 is not sufficient to distinguish CEP from the liquid-gas transition. The further information of A < C or A > C is necessary.
The zero curvature is now in theσ direction in the present basis. In the original basis, the flat direction is in some linear combination of σ and n, which is actually in the direction as given in Eq. (2.3). A sketch is shown in Fig. 2 . The true order parameter that we should take isσ. We should note that in the B → 0 limit,σ reduces to σ and the flat direction is in the σ direction as it should be.
We can rewrite the Ginzburg-Landau functional in terms of the order parameterσ and the conserved quantity n as
The mixing terms betweenσ and n remain because they are not orthogonal to each other. CEP occurs at A ′ = 0, at which the second derivative of the potential with respect toσ vanishes. The A ′ is an inverse square of the correlation length ξ at the mean-field level. We have chosenσ and n to write down the Ginzburg-Landau functional, but it should be equally right to useσ andñ, or σ and n, or any other two linear combinations that are linearly independent. We have an arbitrariness. However this arbitrariness is permissible only at the static level. At the dynamic level, the arbitrariness disappears and we have a reason why we must takeσ and n, as we will discuss later.
The way how to construct the Langevin equation forσ and n is exactly the same as before. Using the conjugate variables toσ and n
we have the Langevin equatioṅ
The coefficients γ ij ′ (q) are expanded in powers of q 2 ;
We note that γσσ ′ starts with a constant Γ ′ becauseσ is a non-conserved quantity composed of a sum of the non-conserved quantity σ and the conserved quantity n.
We can find the eigenmodes by the diagonalization as before. The result is obtained from the previous one by simply replacing the coefficients with those with a prime.
We have now two slow modes. The ω 2 ′ -mode corresponding to theσ mode gives the mode for the order parameter fluctuation and shows the critical slowing down because A ′ goes to zero as CEP is approached. This mode does not have a hydrodynamic nature because of absence of the q 2 factor in the eigenfrequency. The ω 1 ′ -mode is also a slow mode and is actually a hydrodynamic mode. It does not show the critical slowing down in the sense that the diffusion constant
)/A ′ does not vanish at CEP. This is only because our argument is at the mean-field level. Through the nonlinear (or mode) coupling to the order parameter fluctuation ignored in our treatment, the ω 1 ′ -mode should show the critical slowing down. It may seem that the eigenfrequency ω 1 ′ is singular at CEP because it contains A ′ in the denominator. But this is not the case because we are considering the hydrodynamic regime where q 2 /A ′ ∼ q 2 ξ 2 ≪ 1 is always retained.
In the zero mixing limit, we haveσ → σ and B ′ → 0 so that the mode showing the critical slowing down reduces to the σ-mode as is desired.
We can discuss the dynamic universality class of CEP. We have a slow mode for the non-conserved order parameter fluctuation and one hydrodynamic mode. The dynamic universality class is thus that of the model C, which is the same conclusion as in Ref. [12] . If we take account of the energy and momentum densities, however, the model becomes a more complicated one that was not yet analyzed in Ref. [19] . The investigation of the model will be the future work we should perform.
We are particularly interested in whether or not the bulk and shear viscosities diverge at CEP. Contrary to the end point of the liquid-gas transition, the divergence is less likely at CEP. At the end point of the liquid-gas transition, there exists a very slow mode of the conserved order parameter fluctuation with the dynamic critical exponent as large as z = 4 at the mean-field level. Through the nonlinear coupling to this order parameter mode, the momentum density mode receives a sufficient renormalization to the transport coefficients, which results in the divergence of the viscosities. At CEP, on the other hand, we do not have such a slow mode and the divergence is not so expected as at the liquid-gas transition [8] .
Let us return to Son and Stephanov's treatment to discuss the difference from ours. To clarify the problem, it is necessary to turn back to the general methodology. For description of the critical dynamics, we must first perform a projection into the subspace of the slow variables. Imagine an infinite dimensional Hilbert space composed of mechanical degrees of freedom. In the Hilbert space, long wavelength fluctuations of the slow variables span a subspace. Orthogonal to this subspace is the complementary space made up of the rapid degrees of freedom. In order to obtain the Langevin equation to describe the critical slow dynamics, it is required to first project out into the slow subspace. This projection can be implemented by the projection operator method [24, 25] or the renormalization group method [26] . The practical prescription to perform the projection is just to take the order parameter and conserved quantities as slow variables. We need construct the Langevin equation in terms of the order parameter and conserved quantities as the degrees of freedom.
In our treatment, we have accomplished the projection by carefully choosing the order parameter and the conserved quantity as degrees of freedom. Since we have two slow variables, we have obtained two slow modes. Generally speaking, we should obtain as many slow modes as the chosen slow variables after the diagonalization if and only if the slow variables are really slow variables. In Son and Stephanov's treatment, the projection is not complete. The σ they took as a degree of freedom is not a slow variable since it is neither an order parameter nor a conserved quantity. There is a contamination of rapid degrees of freedom in the theory. Because only one slow variable, namely the baryon number density was taken care of, it is no wonder that only one slow mode appeared. Note that the diagonalization to obtain the eigenmodes does not implement the projection.
Moreover, in our treatment, the condition A < C has been imposed in order to make the theory close to CEP. If A > C is assumed, the theory is near the liquid-gas transition. In Son and Stephanov's analysis, this distinguishing information is lacking. Their theory may happen to be in the vicinity of the liquid-gas transition. In fact, returning to Sec. 2, we realize that it was not possible to put the information into Son and Stephanov's treatment. Once the degrees of freedom were chosen, there was no place to impose the condition. We are thus obliged to impose the condition before the slow variables are determined, as in our treatment. The order of the two procedures would be important for completing the projection.
Implication in heavy-ion collision experiments
Up to this point in this paper, we have assumed theσ mode to be a diffusive mode. The examined Langevin equation is for a diffusion process. One should note that there are two types of slow modes; a propagating (oscillatory) mode and a diffusive (relaxational) mode. In this section, we pursue the possibility of theσ mode as a propagating mode. In fact, it is reasonable to assume thẽ σ mode to be propagating because as T and µ B are varied, theσ mode is continuously connected to the pure sigma meson mode in the vacuum which is a particle or propagating mode.
The Langevin equation for the propagatingσ mode is obtained by incorporating the canonical momentum conjugate to the scalar field for theσ fluctuation as a degree of freedom, in addition to theσ field itself [8, 9] . The equation is of exactly the same kind of that for the meson (σ and π) modes in the chiral phase transition and that for the phonon mode in the structural phase transition in solids. The analysis of the equation by means of the renormalization group technique was performed in Refs. [19, 9] . It was shown that the propagating mode becomes overdamped to turn into a diffusive mode as the critical point is approached. This is a consequence of a crossover between the two fixed points for the propagating and diffusive modes. This mechanism is just responsible for the overdamping phenomenon of the phonon mode in the structural transition, which is observed and confirmed experimentally. Thus we expect the following behavior of theσ mode near CEP: Away from CEP, theσ mode behaves as a propagating mode and is softened as CEP is approached. However at some point around CEP, theσ mode will turn into an overdamped or dif-fusive mode. Once the mode becomes overdamped, the dynamics is described by the Langevin equation examined in this paper. The size of the overdamped region surrounding CEP in the (T, µ B ) plane is not known, at least from the renormalization group analysis. It is system-or model-dependent. The size may be small or may be large.
Several signals to find out CEP in the heavy-ion collision experiments have been proposed [11, 27, 28] . What makes the signals more promising is due to the singularity originating from the divergence of the correlation length at the critical point. Among these signals is the enhancement of the decay processes of theσ mode, such asσ to two pions [2, 29, 11] , diphoton [2, 29, 30, 31] and dilepton [2, 29, 32, 33, 34] . The particle emissions through these decay processes are expected to be enhanced near CEP because of the spectral enhancement of the order parameter fluctuation. The enhancement of the emissions as a signal was doubted in Ref. [14] where the sigma mode was claimed not to be softened at CEP. Since the critical behavior of theσ mode has been confirmed in this paper, we can safely resubmit the signal for CEP once again. However the overdamping of theσ mode near CEP requires some modification of the signal. Once theσ mode becomes overdamped near CEP, those decay processes are kinematically forbidden. This is because a diffusive mode has a space-like four-momentum, contrary to a time-like four-momentum of a particle mode. Thus it is suppression rather than enhancement in the particle emissions that would become a signal for CEP. It may depend on the size of the overdamped region whether or not the suppression can be observed. Even if the size is tiny, we may have a chance to experimentally detect the suppression owing to the effect of focusing into CEP [11, 13, 35] .
Summary and discussion
We have discussed the dynamic nature of the critical end point (CEP). What makes CEP complicated to understand is the mixing effect between the chiral condensate and the baryon number density. If the mixing is absent, it is easy to identify the chiral condensate with the order parameter and to find a conserved quantity of the baryon number density. We can safely expect the σ mode to be softened and regard the dynamic universality class of CEP as the model C, apart from the energy and momentum densities, as discussed in Ref. [12] . In Ref. [14] , however, it was argued that the mixing effect at CEP is so crucial that the identification of the slow modes is not so trivial. Son and Stephanov analyzed the Langevin equation in terms of σ and n to show that only one slow mode associated with the conserved order parameter exhibits the critical slowing down. Thus they concluded that the dynamic universality class of CEP is not the model C but the model B, and the further coupling to the energy and momentum densities makes it the model H, which is the same as that of the end point of the liquid-gas transition. The point was that because of the mixing effect, the order parameter that has a zero curvature at the critical point changes from σ to a linear combination of σ and n. As emphasized in Ref. [14] , the true or "proper" order parameter is not σ but a linear combination of σ and n. What we have done in this paper is just to take the linear combination as a slow variable and to construct the Langevin equation in terms of the true order parameter referred to asσ and the conserved quantity n. Consequently we have found the appearance of the slow mode for the order parameter showing the critical slowing down, in addition to the hydrodynamic mode coming from the conserved quantity. Thus we conclude that theσ mode continuously connected to the sigma meson at the vacuum is softened at CEP and its dynamic universality class is the model C. If we take account of the energy and momentum densities, the dynamic universality class will turn to a novel one, the analysis of which should be performed in the future.
It is instructive to consider the limiting situation in which the mixing effect disappears. This is the case if CEP is located on the temperature axis in the (T, µ B ) plane of the QCD phase diagram. We have mentioned that our treatment of CEP turns out to smoothly connect to the limit, while Son and Stephanov' one reduces to the end point of the liquid-gas transition rather than CEP.
The mixing effect may be expected to be potentially essential to the dynamics of CEP. Our analysis, however, indicates that the dynamic nature of CEP is not affected even if the mixing effect is taken care of: The slow mode for the non-conserved order parameter appears besides the hydrodynamic mode, and the dynamic universality class is eventually the same as that without the mixing. Especially the same dynamic universality class means the exactly same dynamic critical behavior. In this sense, the mixing effect plays no significant role in the dynamics of CEP, at least as long as the dynamic critical phenomena are concerned. The only difference is thatσ replaces σ as the order parameter. Actually it would not be reasonable to expect that even the slightest mixing effect induces such a drastic change that the number of slow modes decreases and the dynamic universality class changes. It would be hard to imagine that CEP alters its dynamic universality class the moment it is shifted from the temperature axis by the small change of the strange quark mass. It is also noted that a naive application of Hohenberg and Halperin's classification scheme of the dynamic universality class tells us that CEP belongs to the model C, when the slow variables are composed ofσ and n. If the mixing effect changes the dynamic universality class to another one, it means that Hohenberg and Halperin's scheme does not work for CEP and CEP possesses a novel physics beyond Hohenberg and Halperin's theory. We have shown that this is not the case and their classification method is applicable to CEP as well.
In Ref. [14] , it was reported that the sigma meson mode is not softened at CEP in the Nambu-Jona-Lasinio (NJL) model within the random phase approximation. However our present analysis suggests that the sigma meson mode should be softened at CEP. 1 The more proper calculation beyond the approximation, say, incorporating the sigma loop effects may be required for the precise description of the sigma meson mode at CEP.
We have also proposed a signal for CEP in heavy-ion collision experiments. By assuming theσ mode to be a propagating mode, we expect the mode to become overdamped at CEP. One of the results is the suppression rather than enhancement of the decay processes such asσ → ππ, γγ, e + e − , µ + µ − , which may be observed in the future experiments.
